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Fig. 3 Skin-friction distribution.

Results
The typical case considered is for a freestream Mach

number of 2.0, a Reynolds number of 0.296X 106 based on
the distance XSHK from the leading edge to the shock im-
pingement point, and an incident shock angle of 32.585
deg.4 For this set of data, the shock is strong enough
(pressure ratio =1.4) to trigger separation. The computation
was done for five cases: 1) no suction along the wall, 2) nor-
mal suction, 0 = 90 deg at the location from X/XSHK =
0.7817 to 1.1569,3) vectored suction, 0 = 45 deg at the locations
as in case 2, 4) normal suction from X/XSHK = Q.1\92 to
0.8442, and 5) vectored suction at the same locations as in
case 4.

The computed surface pressure distribution in the interac-
tion region is presented in Fig. 2. For the vectored upstream
suction case 5, the pressure jump is closes to the inviscid
flow conditions case and reaches its postshock value quite
smoothly. It is interesting to note that the pressure rise is
steeper than that corresponding to normal suction. Though
the pressure plateau indicating separation has vanished for
all the examples in which suction is considered, the upstream
vectored suction has a minimum effect in the downstream
direction (Fig. 3).

This study indicates that the upstream vectored suction not
only eliminates separation but that its influence in the
neighborhood is limited. If the prior knowledge of separa-
tion bubble location is not available or some minor changes
in the input data are required, a judicious choice of up-
stream vectored suction can control the flow effectively.
However, a detailed assessment regarding the locations,
rates, and angles, for such suction should be carried out to
optimize its fruitful usage.
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Introduction

REFERENCE 1 describes a method for computing the
unsteady flow through a cascade for an interblade phase

angle using only one set of computational data. This com-
putational data is calculated for one blade moving with the
other blades held stationary. Further simplification is possi-
ble because only the indicial response of the cascade needs to
be calculated; from this result the flow for any time-
dependent motion can be constructed by superposition. For
subsonic or supersonic flows, the indicial method is described
by Lomax,2 the method was developed for transonic flows by
Ballhaus and Goorjian3 and Nixon.4 Nixon shows that
unsteady pressure distributions can be computed for transonic
flows and that, to a first-order approximation in shock motion,
the lift and pitching moments are linear functions of amplitude.
Because of the need to compute only one transonic flow solu-
tion in order to obtain a result for any interblade phase angle
and motion, the method developed in Ref. 1 is very computa-
tionally efficient.

The main difficulty in constructing the indicial solution
for the cascade is that a reasonable number of fixed blades
must be represented in the calculation. The definition of
reasonable will be discussed later. In the first attempt5 to
compute examples using the method of Ref. 1, seven blades
were used in the computation, and the results for a flat plate
cascade in subsonic flow did not agree well with the results
of Verdon and Casper.6 The most obvious difference was the
absence of resonance in the indicial theory result. It was
speculated that the disagreement resulted from insufficient
blades in the cascade. It is obvious that if a large number of
blades are required in the cascade, the computational effi-
ciency of the method is greatly reduced, since the indicial
calculation could require computer resources equivalent to
that used to calculate cascade flows for a variety of in-
terblade phase angles. In this Note a method of including a
large number of blades in the calculation without incurring a
heavy computational requirement is described. Results that
are a considerable improvement on those described in Ref. 5
are given. The analysis contained herein is for an unstag-
gered cascade.

Analysis
Although the indicial theory described in Ref. 4 can give

pressure distributions, only lift and pitching moments are
considered here for reasons of clarity in presentation. The
gap/chord ratio is denoted by h and the freestream Mach
number by M^.

The lift given by the theory in Ref. 1 is

CL(t)= CLn(t-no) (1)
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where CLn is the lift induced at blade zero by the motion of
the nth blade with the other blades stationary and a the in-
ter blade phase angle. If the flow is harmonic in time, with
frequency co,

CL(t) = (t-na) = (2)

In a cascade, the unsteady flow induced on blade zero by the
nth blade can be characterized by the asymptotic form of the
unsteady flow, provided that the nth blade is sufficiently far
from blade zero (for example, several chord lengths). The
asymptotic behavior for the induced normal velocity is (Ap-
pendix A)

v(x,y)~A-
o-iK\y\

(3)

where A is a complex constant and y = (I - M^)* y; K is
defined in Appendix A. This result is obtained from classic
subsonic airfoil theory (see Ref. 7). The lift induced on a
blade is proportional to the induced upwash parameter,
which is given by Eq. (3). Hence it follows that

m111

n (4)

where the relation y = nh is used, and m is a given blade
beyond which Eq. (3) is a good approximation. It is assumed
that CLm is known. Note that the actual value of v(x,y) is
not given by Eq. (3) since this result only holds if there are
no other blades. However, the actual upwash will vary with
.y in a form similar to Eq. (3). Using Eqs. (1), (2), and (4)
gives

- £ E ̂ -
xexp[ —iK(n-m)h-ina) +

xexp[ —iK(n — (5)

It can be seen that the effect of the cascade blades
diminishes as «~1/2, and hence a large number of blades is
necessary in the initial computation of CLn unless the ap-
proximation of Eq. (4) is used. It is also of interest to further
examine Eq. (5). The two infinite sums are bounded (see Ap-
pendix B) unless

jfj~_ _ ^ ssr\

where p is an integer. Thus, for an interblade phase angle
given by

a= ±Kh-2pir (7)

CL will be infinite. For the flat plate cascade considered by
Verdon and Caspar6 with M00=0.5, /* = ! and the reduced
frequency v equated to unity. Equation (7) gives for p = 0

a= ±33.1 deg (8)

at which angle the lift and moment coefficients will become
infinite. This value of o corresponds to that given by Verdon
and Casper6 for resonance.

It should be noted that this proof requires that there be an
infinite number of blades in the cascade, which implies that
a finite cascade will not undergo resonance. If the cascade is
assumed to be a valid approximation to an actual com-
pressor with N blades, then this can be regarded as an in-,
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Fig. 1 Moment due to torsion for a flat plate; M^ = 0.5, v = 1.0,
ft = 1.0.

Fig. 2 Moment due to torsion for a NACA-0012 section;
MO. =0.75, ? = 1.0, h = 2.

finite cascade with the interblade phase angle being integer
multiples of the basic angle 2-x/N. In this case, resonance
could occur for certain combinations of K and h which are
themselves functions of M^, v, and h.

Results for a flat plate cascade at M00=0.5, i>=1.0, and
h= 1.0 computed using Eq. (5) are shown in Fig. 1. In this
calculation, the total number of blades in the numerical
calculation is 13 and m = 3. The number of blades used in
the sum in Eq. (5) is 100. In Fig. 2 a result for a transonic
case is shown, namely a cascade with a NACA-0012 section,
MO, =0.75, /z = 2.0, and i>= 1.0. It can be seen that there is a
considerable difference between a subsonic case and a tran-
sonic case.

Concluding Remarks
A method of rapidly computing unsteady transonic

cascade flows has been examined and extended. It is shown
that resonance can occur for an infinite cascade and that
there is a significant difference between subsonic and tran-
sonic flows.

Appendix A: Velocity Induced by a Moving Blade
The object is to estimate the induced upwash at some sta-

tion y due to the oscillatory motion of a blade at >> = 0. It is
assumed that y is sufficiently far from the oscillating blade
that linear theory can apply.

From classic subsonic theory, the velocity potential in the
far field at a reduced frequency v is given by (see Ref. 7)

(Al)r-—— *'
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where and hence
(A2)

(A3)

Far from the moving blade, x can be taken as zero, and on
differentiation with respect to y,

As .y—>oo, v(Q,y) can be approximated by

-iA K*v(0,y) = -iKyeiir/4 (A5)

(A6)

where A is a complex constant.

Appendix B: Convergence of the Series
The convergence of the series EJL l (einci In1/2) is due primarily

to the cancellation effects provided by the term eina, as the
series E*=1 (1/«1/2) is divergent, and therefore £~=1 (eina/ny2)is
not absolutely convergent. For values of a. for which an integer
p exists such that pa. = TT, the series E£°=1 (eina/nA) can be re-
duced to an alternating series by grouping all consecutive terms
of the same sign; the series that follows has monotonically
decreasing terms and is therefore convergent.

While a somewhat similar approach can be followed for
an arbitrary a, the procedure tends to become quite com-
plex. The following proof of convergence, on the other
hand, is more direct and exploits equally well the alternating
character of eina:

l-eina

l-eia

E~=1 (l/«3/2) is convergent (by Cauchy's integral test), and

l-eina 1sm2na/2 _____
sin2a/2 ~ sin2cx/2

finite and independent of n, for a ̂  0,2pir...
It follows that the series

is convergent and hence EJ°=1 (£?''"«/«1/2) is convergent.
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The series on the right-hand side of the preceding identity
is absolutely convergent since

-— (nl/2 \

Introduction

AN experimental tube and disk combustor configuration
was examined numerically. This configuration is a com-

promise between the disk-in-duct configuration,1 the dump
ramjet burner,2 and the prevaporizing/premixing fuel feed-
tube-type turbojet. The tube and disk configuration models
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